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The kinetic equation of Wigner – Vlasov – Boltzmann with collision integral
in relaxation BGK (Bhatnagar, Gross and Krook) form in coordinate space for
quantum non–degenerate (Maxwellian) collisional plasma is used. Exact ex-
pression (within the limits of considered model) is found. The analysis of
longitudinal dielectric permeability is done. It is shown that in the limit when
Planck’s constant tends to zero of expression for dielectric permettivity trans-
forms into the classical case of dielectric permettivity. At small values of wave
number it has been received the solution of the dispersion equation. Damping
of plasma oscillations has been analized. The analytical comparison with the
dielectric Mermin’ function received with the use of the kinetic equation in
momentum space is done. Graphic comparison of the real and imaginary parts
of dielectric permettivity of quantum and classical plasma is done also.
Key words: collisional plasma, BGK equation, electric conductivity, dielect-
ric permittivity, Lindhard’s formula, Landau’s damping.
PACS numbers: 52.25.Dg Plasma kinetic equations, 52.25.-b Plasma proper-
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1. Introduction
In the present work formulas for electric conductivity and for dielectric
permettivity of quantum electronic non–degenerate Maxwellian plasma are
deduced.
Dielectric permettivity in the collisionless quantum gaseous plasma was
studied by many authors (see, for example, [1]-[29]). G. Manfredi [6] inves-
tigated one-dimensional case of the quantum plasma. In this article G.
Manfredi has noted the importance of carrying out of analysis of the di-
electric permettivity deduced with help of the quantum kinetic equation
2with collision integral in coordinate space. The present work is devoted to
performance of this problem for Maxwellian plasma.
In the present work for derivation of dielectric permettivity the quantum
kinetic Wigner — Vlasov — Boltzmann equation (WVB–equation) with
collision integral in the form of τ–models in coordinate space is applied.
Such collision integral is named the BGK collision integral.
The WVB–equation is written for Wigner function, which is an analo-
gue of distribution function of electrons for quantum plasma (see [10], [11]
and [30]).
The most widespread method of investigation of quantum plasma is
the method of Hartree — Fock or a method equivalent to it, namely, the
method of Random Phase Approximation [16], [17]. In the work [21] this
method has been applied for receiving of the expression for dielectric per-
mettivity of quantum degenerate plasma in τ–approach. However, in the
work [23] it is shown, that expression received in [21] is noncorrect, as it
does not turn into classical expression under a condition, when quantum
amendments can be neglected. Thus in the work [23] empirically corrected
expression for dielectric permettivity of quantum plasma, free from the
specified lack has been offered. By means of this expression authors in-
vestigated quantum amendments to optical properties of metal [24], [25].
Friedel’s oscillations in quantum plasma also have been investigated al-
ready for more than half a century (see, for example, [18]-[20]).
In the theory of quantum plasma two essentially different possibilities
of construction of the relaxation kinetic equation in τ - approach exist: in
momentum space (in the space of Fourier images of distribution function)
and in coordinate space. On the basis of the relaxation kinetic equation in
the space of momentum Mermin [22] has carried out consistent derivation
of the dielectric permeability for quantum collisional plasma in 1970 for
the first time.
In the present work expression for the longitudinal dielectric permet-
tivity for non–degenerate plasma with the use of the relaxation equations
3in space of coordinates is deduced. If in the received expression we make
Planck constant converge to zero (~→ 0), we will receive exactly the classi-
cal expression of dielectric permettivity of non–degenerate plasma. Various
limiting cases of the dielectric permettivity are investigated. Comparison
with Mermin’s result is carried out also.
2. Solution of the kinetic equation
We consider the kinetic Wigner — Vlasov — Boltzmann equation [27]
with collisional integral in the form of BGK–model
∂f
∂t
+ v
∂f
∂r
=
ie
~
W [f ] + ν[feq(r, p, t)− f(r,p, t)]. (2.1)
This equation describes evolution of the Wigner function for electrons in
quantum plasma.
Here e is the charge of electron, ~ is the Planck’s constant, ν is the effec-
tive collision frequency of electrons with ions and neutral atoms, f(r,p, t)
is the Wigner function for electrons.
The function feq(r, p, t) is the equilibrium Maxwell distribution function
of electrons,
feq(r, p, t) = n(r, t)
( m
2piκT
)3/2
exp
(
− p
2
2κmT
)
,
or
feq(r, p, t) =
n(r, t)m3
pi3/2p3T
exp
(
− p
2
p2T
)
,
where n(r, t) is the number density (concentration) of electrons, κ is the
Boltzmann’s constant, m is the electron mass, p = mv is the electron
momentum, pT = mvT is the thermal momentum of electrons, vT =
1√
β
is the thermal electron velocity, β =
m
2κT
, W [f ] is the Wigner – Vlasov
functional,
W [f ] =
1
(2pi)3
∫ [
U(r− ~b
2
, t)
]
− U(r+ ~b
2
, t)
]
×
×f(r,p′, t)eib(p′−p) d3bd3p′. (2.2)
4The Wigner function is an analogue of function of distribution for quan-
tum systems. It is widely used in the diversified questions of physics.
Wigner’s function was investigated, for example, in the works [29] and
[30].
Let’s consider, that distribution electron function depends on one spatial
coordinate x, time t and momentum p, and the electric scalar potential
depends on one spatial coordinate x and time t. Then we can write down
the equations (2.1) and (2.2) in the form
∂f
∂t
+ vx
∂f
∂x
=
ie
~
W [f ] + ν[feq(x, p, t)− f(x,p, t)], (2.3)
W [f ] =
1
(2pi)3
∫ [
U(x− ~bx
2
, t)
]
− U(x+ ~bx
2
, t)
]
×
×f(x,p′, t)eib(p′−p) d3bd3p′. (2.4)
We will linearize the locally equilibrium function feq in terms of absolute
Maxwell’s distribution
fM(c) = n0
(β
pi
)3/2
e−βv
2 ≡ n0
pi3/2v3T
exp
(− c2),
where c is the module of dimensionless electron velocity c =
v
vT
.
We take the scalar potential in the form
U(x, t) = U0e
i(kx−ωt). (2.5)
Let’s search the electron distribution function in the following form:
f = fM(p)
[
1 + U(x, t)h(p)
]
. (2.6)
Linearization of feq leads us to expression
feq = fM(p)
(
1 +
n1(x, t)
n0
)
,
where
n1(x, t) ≡ δn(x, t) = n(x, t)− n0.
5From the law of conservation of number of particles∫
(feq − f)d3v = 0
we find that
n1(x, t)
n0
= U(x, t)
1√
pi
∞∫
−∞
e−µ
2
h(µ)dµ, µ = cx =
px
pT
. (2.7)
Now we can write down the equation (2.3) in the following form
fM(v)h(vx)
[
ν + i(kvx − ω)
]
U(x, t) =
=
ie
~
W [f ] + νU(x, t)fM(v)A, (2.8)
where
A =
1√
pi
∞∫
−∞
e−µ
2
h(µ)dµ. (2.9)
The expression (2.4) in linear approximation has the form
W [f ] =
1
(2pi)3
∫ [
U(x− ~bx
2
, t)
]
− U(x+ ~bx
2
, t)
]
×
×fM(p′)eib(p′−p) d3bd3p′. (2.10)
Now we receive for potential (2.5)
U(x− ~bx
2
, t)− U(x+ ~bx
2
, t) =
= U0e
i(kx−ωt)
[
exp(−ik~bx
2
)− exp(ik~bx
2
)
]
.
Let’s calculate internal integral in (2.2). Considering the last equality,
we will integrate in (2.10) by d3b. We have
1
(2pi)3
∫ [
exp(−ik~bx
2
)− exp(ik~bx
2
)
]
×
×eibx(p′x−px)eiby(p′y−py)eibz(p′z−pz)dbxdbydbz =
= δ(py − p′y)δ(pz − p′z)
[
δ
(
px − p′x +
~k
2
)
− δ
(
px − p′x −
~k
2
)]
.
6Substituting this equality in (2.10), we receive, that
W [f ] = U(x, t)
∫
δ(py − p′y)δ(pz − p′z)×
×
[
δ
(
px − p′x +
~k
2
)
− δ
(
px − p′x −
~k
2
)]
fM(p
′)dp′xdp
′
ydp
′
z. (2.11)
It is necessary to us to integrate by momentums. Let’s notice, that
∞∫
−∞
δ(py − p′y)e−p
′
y
2
/p2Tdp′y = e
−p2y/p2T = e−c
2
y ,
∞∫
−∞
δ(pz − p′z)e−p
′
z
2
/p2Tdp′y = e
−p2z/p2T = e−c
2
z ,
∞∫
−∞
δ
(
px − p′x ±
~k
2
)
e−p
′
x
2
/p2T dp′x =
= exp
(
−
(
px ± ~k2
)2
p2T
)
= exp
(
−
(
µ± ~k
2mvT
)2)
= e−(µ±q/2)
2
,
where µ = cx, q = k/kT , kT = mvT/~ is the thermal wave electron number.
According to (2.11) we receive further
W [f ] = U(x, t)
[
f+M − f−M
]
, (2.12)
where
f±M ≡ f±M(c) =
n0
pi3/2v3T
exp
[
− (µ± q/2)2 − c2y − c2z
]
.
By means of (2.11) we will rewrite the equation (2.8) in the form
h(µ)
(
1− iωτ + ik1µ
)
=
ie
~ν
f+M − f−M
fM
+ A, (2.13)
where k1 is the dimensionless wave number, k1 = kl, l = vT τ is the mean
free path of electrons.
We receive now from the equation (2.13)
e−µ
2
h(µ) =
ie
~ν
· e
−(µ+q/2)2 − e−(µ−q/2)2
1− iωτ + ik1µ +
Ae−µ
2
1− iωτ + ik1µ. (2.14)
7For finding of the constant A we will substitute (2.14) in (2.9). As a
result we receive
A = − ie
~ν
J1(ω, k, q)
1− T0(ω, k), (2.15)
where
T0 = T0(ω, k) =
1√
pi
∞∫
−∞
e−µ
2
dµ
1− iωτ + ik1µ,
J1 = J1(ω, k, q) =
1√
pi
∞∫
−∞
e−(µ−q/2)
2 − e−(µ+q/2)2
1− iωτ + ik1µ dµ.
3. Conductivity and permettivity
We consider the connection between electric field and potential
E(x, t) = −grad E(x, t).
Therefore
Ex(x, t) = −∂U(x, t)
∂t
= −ikU(x, t).
From the definition of the longitudinal electric conductivity jx(x, t) =
σlEx(x, t), we find that jx(x, t) = −ikσlU(x, t), hence ∂jx
∂x
= σlk
2U(x, t).
From the equation of continuity for current and charge densities
∂ρ
∂t
+
∂jx
∂x
= 0
according to the last equality we receive that
∂ρ
∂t
= −∂jx
∂x
= −σlk2U(x, t).
On the other hand, from the definition of a charge of a density
ρ = e
∫
fdΩ = e
∫
fM(v)[1 + U(x, t)h(vx)] d
3v,
we find
∂ρ
∂t
= −iωeU(x, t)
∫
fM(v)h(vx)d
3v.
8Now we receive the relation for longitudinal electroconductivity
σl =
ieω
k2
∫
fMh(vx) d
3v =
ieωn0
k2
1√
pi
∞∫
−∞
e−µ
2
h(µ)dµ =
ieωn0
k2
A.
Substituting the expression (2.15) instead of A , we receive the expres-
sion for conductivity of quantum plasma
σl =
e2n0ωτ
k2~
J1
1− T0 = σ0
qω
k1ν
J1
1− T0 . (3.1)
Let’s transform integrals T0 and J1. We receive, that
T0 =
1
ikτvT
· 1√
pi
∞∫
−∞
e−µ
2 dµ
µ− ω − iν
kvT
= − iν
kvT
t(z) = − i
k1
t(z),
where
t(z) =
1√
pi
∞∫
−∞
e−µ
2
dµ
µ− z , z =
ω + iν
kvT
.
Integral J1 we will present in the form
J1 =
1
ikτvT
J(z, q) = − iν
kvT
J(z, q) = − i
k1
J(z, q),
where
J(z, q) =
1√
pi
∞∫
−∞
e−(µ−q/2)
2 − e−(µ+q/2)2
µ− z dµ.
Hence, electric conductivity of quantum plasma according to (3.1) is
equal to
σl = −iσ0 qω
k21ν
J(z, q)
1 + it(z)/k1
, z =
ω + iν
kvT
. (3.2)
Dielectric permettivity of plasma we will find, if we use (3.1) or (3.2).
According to definition
εl = 1 +
4pii
ω
σl
we find accordingly
εl = 1 + i
ω2pq
ν2k1
J1
1− T0 . (3.3)
9or
εl = 1 +
ω2pq
ν2k21
J(z, q)
1 + it(z)/k1
. (3.4)
Here ωp is the own plasma (Langmuir) frequency
ω2p =
4pie2n0
m
.
Let’s show that in a limit when ~→ 0, the expression εl for longitudinal
permettivity of quantum plasmas passes into corresponding expression for
classical plasma
ε◦l = 1 +
2ω2p
k2v2T
λ0(z)
1− T0 ,
where λ0(z) is the well known (see [31]) dispersion plasma function entered
by Van Kampen
λ0(z) =
1√
pi
∞∫
−∞
e−µ
2
µdµ
µ− ω + iν
kvT
.
We notice that
lim
~→0
e−(µ−q/2)
2 − e−(µ+q/2)2
~
=
2ke−µ
2
mvT
.
By means of this relationship we receive
lim
~→0
J
~
=
2k
mvT
λ0(z).
Thus, passing to a limit at ~→ 0 in the expression (3.4), we receive in
accuracy the relationship for conductivity of classical plasma.
We will transform a denominator from formulas (3.3)
1− T0 = 1 + iν
kvT
1√
pi
∞∫
−∞
e−µ
2
dµ
µ− ω + iν
kvT
= 1 +
iν
kvT
t(z).
We notice that λ0(z) = 1 + z t(z). Further we receive
1− T0 = 1 + iν
ω + iν
· ω + iν
kvT
t(z) = 1 +
iν
ω + iν
zt(z) =
10
=
ω + iν + iνzt(z)
ω + iν
=
ω + iνλ0(z)
ω + iν
.
Taking into account this identity dielectric permettivity of the quantum
and classical plasma accordingly equals
εl = 1 +
ω2pz
2
(ω + iν)q
· t(z − q/2)− t(z + q/2)
ω + iνλ0(z)
(3.5)
and
ε◦l = 1 +
2ω2p
k2v2T
· (ω + iν)λ0(z)
ω + iνλ0(z)
. (3.6)
The expression (3.6) can be written down in the form
ε◦l = 1 +
2ω2p
ω + iν
· z
2λ0(z)
ω + iνλ0(z)
. (3.6′)
The formula (3.5) can be presented in one of the equivalent forms
εl = 1 +
ω2p
(ω + iν)(ω + iνλ0(z))
· z
2[t(z − q/2)− t(z + q/2)]
q
, (3.7)
or
εl = 1 +
ω2p(ω + iν)
k2v2T (ω + iνλ0(z))
· t(z − q/2)− t(z + q/2)
q
, (3.7′)
We present the formula (3.7) in the form
εl = 1 +
ω2p
(ω + iν)(ω + iνλ0(z))
· f(z, q)
q
, (3.8)
Here
f(z, q) = z2[t(z − q/2)− t(z + q/2)].
We notice that
t(z − q/2)− t(z + q/2)
q
= − 1√
pi
∞∫
−∞
e−µ
2
dµ
(µ− z)2 − q2/4.
We will designate
J0(z) = − 1√
pi
∞∫
−∞
e−µ
2
dµ
(µ− z)2 − q2/4.
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By means of this designation we will present the formula (3.8) in the
form
εl = 1 +
ω2pz
2
(ω + iν)(ω + iνλ0(z))
· J0(z), (3.9)
or
εl = 1 +
ω2p
k2v2T
· (ω + iν)J0(z)
ω + iνλ0(z)
, z =
ω + iν
kvT
. (3.9′)
Further we will enter dimensionless parametres
x =
ω
kTvT
=
ω
νkT l
=
ω
νk01
, y =
ν
kTvT
=
1
kT l
=
1
k01
,
where k01 = kT l is the dimensionless wave thermal number of electrons.
We will present the formula (3.9′) in the explicit form using the entered
dimensionless parametres
εl = 1−
x2p
q2
x+ iy√
pi
∞∫
−∞
e−τ
2
dτ
[τ − (x+ iy)/q]2 − q2/4
x+
iy√
pi
∞∫
−∞
τe−τ
2
dτ
τ − (x+ iy)/q
, (3.10)
where xp is the dimensionless plasma frequency, xp =
ωp
kTvT
.
4. Dielectric permettivity properties
Let’s find a long-wave limit (at k → 0) of dielectric permettivity (3.9).
We will present this formula in the form
εl = 1−
ω2p
(ω + iν)(ω + iνλ0(z))
· z
2
√
pi
∞∫
−∞
e−µ
2
dµ
(µ− z)2 − q2/4,
We will transform the last factor as follows
z2√
pi
∞∫
−∞
e−µ
2
dµ
(µ− z)2 − q2/4 =
1√
pi
∞∫
−∞
e−µ
2
dµ
1− 2µ
z
− q
2/4− µ2
z2
.
12
From here it is easy to notice, that at z →∞ the last integral tends to
unit. It means, that
εl(ω, ν, k = 0) = 1−
ω2p
(ω + iν)(ω + iνλ0(z))
. (4.1)
From the expression (4.1) we can see that at ν = 0 we receive classical
result for collisionless plasma
εl(ω, 0, 0) = 1−
ω2p
ω2
.
Let’s consider special cases of dielectric permettivity.
In the formulas (3.7) or (3.9) we will put ν = 0. Then for the dielectric
permettivity in collisionless plasma we receive
εl(ω, k, ν = 0) = 1−
ω2p
k2v2T
√
pi
∞∫
−∞
e−τ
2
dτ(
τ − ω
kvT
)2
−
(
~k
2mvT
)2 . (4.2)
We present the formula (4.2) in dimensionless parameters
εl(x, q) = 1−
x2p
q2
√
pi
∞∫
−∞
e−τ
2
dτ
(τ − x/q)2 − q2/4, (4.3)
or
εl(x, q) = 1 +
x2p
q3
√
pi
[ ∞∫
−∞
e−τ
2
dτ
τ − x/q + q/2 −
∞∫
−∞
e−τ
2
dτ
τ − x/q − q/2
]
. (4.4)
Now we will consider a low-frequency limit (ω → 0) in collisional form
(ν 6= 0). In this limit we receive
εl(ω = 0, k, ν) = 1 +
ω2p
k2v2T
J0(z)
λ0(z)
, z =
iν
kvT
. (4.5)
We can rewrite down the formula (4.5) in the form
εl(0, y, q) = 1 +
x2p
q2
J0(iy/q)
λ0(iy/q)
. (4.6)
13
We transform the formula (4.6) into the following explicit form
εl(0, y, q) = 1−
x2p
q3
·
1√
pi
∞∫
−∞
e−τ
2
dτ
(τ − iy/q)2 − q2/4
1 +
iy
q
√
pi
∞∫
−∞
e−τ
2
dτ
τ − iy/q
. (4.7)
5. Plasma oscillations in long–wave limit
Let’s consider the linearization of the dielectric permettivity by quantum
parameter q =
~k
mvT
=
k
kT
for the case when |z| ≫ 1, and q ≪ 1, where
z =
ω + iν
kvT
.
We will expand the function
f(z, q) = z2[t(z − q/2)− t(z + q/2)].
at large z and small q
f(z, q)
q
= −1− 3
2z2
− q
2
4z2
− 15
4z4
.
We consider the integral in the complex plane
J(z, q) =
1√
pi
∞∫
−∞
e−(µ−q/2)
2 − e−(µ+q/2)2
µ− z dµ. (5.1)
We will present the subintegral function in the form
e−(µ−q/2)
2 − e−(µ+q/2)2
µ− z =
e−µ
2−q2/4
µ− z
[
eqµ − e−qµ
]
=
= 2qµ
[
1 +
1
6
(qµ)2
]e−µ2−q2/4
µ− z .
Hence, we can present the integral (5.1) in the form
J
2q
=
e−q
2/4
√
pi
∞∫
−∞
e−µ
2
µdµ
µ− z +
q2e−q
2/4
6
√
pi
∞∫
−∞
e−µ
2
µ3 dµ
µ− z . (5.2)
14
We will notice, that
1√
pi
∞∫
−∞
e−µ
2
µ3 dµ
µ− z =
1√
pi
∞∫
−∞
e−µ
2
µ(µ2 − z2 + z2) dµ
µ− z =
=
1√
pi
∞∫
−∞
e−µ
2
[
µ(µ+ z) + z2
µ
µ− z
]
dµ =
1
2
+ z2λ0(z).
Thus, the expression (5.2) can be written down in the following manner
J
2q
= e−q
2/4
{
λ0(z) +
q2
6
[1
2
+ z2λ0(z)
]}
. (5.3)
Now we will return to the dielectric permettivity (3.9) and with the help
of (5.3) we will present it in the form
εl = 1 +
2ω2pz
2
(ω + iν)(ω + iνλ0(z))
· e−q2/4
{
λ0(z) +
q2
6
[1
2
+ z2λ0(z)
]}
. (5.4)
In the expansion (5.4) by degrees k2 we will keep members with degrees
not above than k4, taking into account the equalities proportional to k
q =
~
mvT
· k and 1
z
=
vT
ω + iν
· k.
We will search for the solutiom of the dispersion equation
εl(ω, k) = 0 (5.5)
for small k, i.e. we seek the solution ω = ω(k) of the equation (5.5) for the
case when
|z| =
∣∣∣∣ω + iνkvT
∣∣∣∣≫ 1, ν ≪ ω. (5.6)
We will use the expansions
λ0(z) = − 1
2z2
− 3
4z4
− 15
8z6
− · · · , z →∞,
1
2
+ z2λ0(z) = − 3
4z2
− 15
8z4
.
By means of these expansions we receive
2z2e−q
2/4
{
λ0(z) +
q2
6
[1
2
+ z2λ0(z)
]}
=
15
= −
{
1 +
3
2z2
+
15
4z4
+
q2
4z2
}
.
Let’s rewrite the equation (5.5) in the explicit form
(ω + iν)(ω + iνλ0(z))−
−ω2p
(
1 +
3
2z2
+
q2
4z2
+
15
4z4
− q
4
16
)
= 0,
or, taking into account (5.6), we have
ω2 − ω2p
(
1 +
3
2z2
+
q2
4z2
+
15
4z4
)
= 0, (5.7)
Let’s consider the real part of the equation (5.7) at conditions (5.6) near
to plasma resonance, i.e. we will search for the solution (5.7) in the form
ω2k = ω
2
p(1 + ε), |ε| ≪ 1. (5.8)
Substituting (5.8) in the equation (5.7), we come to the following equa-
tion
ε =
3
2z2
+
q2
4z2
+
15
4z4
.
Let’s write down this equation in the explicit form
ε =
3k2v2T (1− ε)
2ω2p
+
~
2k4v2T (1− ε)
4m2v2Tω
2
p
+
15k4v4T (1− 2ε)
4ω4p
.
From here we receive
ε =
3k2
k2D
+
6k4
k4D
+
~
2k4
2m2v2Tk
2
D
,
where kD is the Debye wave number inverse proportional to the Debue
radius rD,
kD =
√
2ωp
vT
, kD =
1
rD
.
According to (5.8) we have found the dependence
ω2(k) = ω2p
(
1 +
3k2
k2D
+
6k4
k4D
+
~
2k4
2m2v2Tk
2
D
)
. (5.9)
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Let’s rewrite (5.9) in two equivalent forms
ω2(k) = ω2p
(
1 +
3κT
mω2p
k2 +
6κ2T 2
m2ω4p
k4 +
~
2k4
4m2ω2p
)
,
or
ω2(k) = ω2p +
3κT
m
k2 +
6κ2T 2
m2ω2p
k4 +
~
2k4
4m2
. (5.10)
ω2(k) = ω2p +
3κT
m
k2 +
6κ2T 2
m2ω2p
k4
(
1 +
Q2
24
)
, Q =
~ωp
κT
. (5.10a)
Here Q is the quantum parameter, showing how much essential quantum
amendments to quantity of frequency of plasma oscillations are.
With use of thermal electron velocity vT the formula (5.10) can be writ-
ten down in the form
ω2(k) = ω2p +
3
2
v2T
ω2p
k2 +
3
2
v4T
ω4p
k4 +
~
2k4
4m2
.
The last member in the formula (5.10) (the quantum amendment) in
accuracy coincides with a corresponding member from the formula (5.8)
from Manfredi’s work [6], deduced for degenerate plasma.
From the expression (5.10) one can see that when ~ = 0 it passes into
classical expression:
ω2k = ω
2
p
(
1 +
3k2
k2D
+
6k4
k4D
)
. (5.11)
Now we will find damping of plasma oscillations in quantum plasma.
Let’s present the dispersion equation (5.5) by means of (5.4) in the form
(ω + iν)(ω + iνλ0(z)) + ω
2
pe
−q2/4
[
2z2λ0(z)
[
1 +
(qz)2
6
]]
= 0. (5.12)
Let’s calculate decrement of decrease γk. Let’s consider for this purpose
frequency ω as complex value and assume also, that
ω = ωk + iγk, ωk = ω(k), |γk| ≪ ωk. (5.13)
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Let’s substitute the expression (5.13) in the equation (5.12) and we will
mark out in the received equation an imaginary part, using the inequalities
(5.6). As a result we receive the equation
2ωkγk + ωkν = −2
√
piω2p
ω3k
k3v3T
exp
(
− ω
2
k
k2v2T
− α2
)(
1 +
2
3
(αz)2
)
,
from which we receive the decrement of damping
γk = −ν
2
−
√
pi
8
ωp
k30
k3
exp
(
− 3
2
− k
2
0
2k2
)
(1− q
2
4
)
(
1 +
q2z2
6
)
. (5.14)
It is obvious, that at ~ = 0 the formula (5.14) passes into the well known
classical result
γk = −ν
2
−
√
pi
8
ωp
k3D
k3
exp
(
− 3
2
− k
2
D
2k2
)
. (5.15)
Believing in (5.15) ν = 0, we come to the well known Landau damping
formula
γk = −
√
pi
8
ωp
k3D
k3
exp
(
− 3
2
− k
2
D
2k2
)
. (5.16)
6. Comparison with Mermin’s result
Mermin (see Mermin N.D. [22]) has been received the general expression
of dielectric function
εM(ω, k) = 1 +
(ω + iν)
[
ε◦(ω + iν, k)− 1
]
ω + iν
ε◦(ω + iν, k)− 1
ε◦(0, k)− 1
. (6.1)
The formula (3.1) is received on the basis of the kinetic equation for
one-partial matrix of density ρ
∂ρ
∂t
+ i[E+ V,+ρ] =
ρ l.e. − ρ
τ
with relaxation time τ and local equilibrium density matrix ρ l.e., and E is
the kinetic energy of electrons, V is the self-consistent potential, [·, ·] is the
18
commutator, ρ l.e. is the local equilibrium distribution function of electrons
(l.e.≡ local equilibrium),
ρ =
1
1 + exp(ε− µ− δµ) ,
µ is the dimensionless (normalized) chemical potential.
Dielectric function is calculated in the momentum representation
f(p,q, t) =
〈
p+
q
2
∣∣∣ ρ ∣∣∣ p− q
2
〉
,
where
∣∣∣ p〉 is the eigen momentum state p. For convenience we will trans-
form the density matrix to Wigner’s distribution in phase space
f(p,R, t) =
1
(2pi)3
∫
eiqRf(p,q, t)d3q,
where R is the spatial coordinate.
In the formula (6.1) the designation ε◦(ω, k) is entered, it is so-called
Lindhard’ dielectric function, i.e. the dielectric function received for colli-
sionless plasmas, expression ε◦(ω+iν, k) means, that argument of Lindhard’
dielectric function ω is replaced formally by ω + iν. According to (3.7)
ε◦l (ω + iν, k)− 1 =
2ω2p
k2v2T2q
[
t
(ω + iν
kvT
− q
2
)− t(ω + iν
kvT
+
q
2
)]
, (6.2)
ε◦l (0, k)− 1 =
2ω2p
k2v2T2q
[
t(−q/2)− t(q/2)
]
. (6.3)
For comparison we will write out the received dielectric function for
collisional plasma (3.7) in the explicit form
εl(k, ω) = 1 +
2ω2p(ω + iν)
k2v2T2q
· t
(
ω+iν
kvT
− q2
)− t(ω+iνkvT + q2)
ω + iνλ0
(
ω+iν
kvT
) . (6.4)
From formulas (6.2) and (6.3) we can see that
ε◦(ω + iν, k)− 1
ε◦(0, k)− 1 =
t(z − q/2)− t(z + q/2)
t(−q/2)− t(q/2) , z =
ω + iν
kvT
. (6.5)
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By means of (6.2)–(6.5) Mermin’s formula (6.1) in our designations will
be written in the form
εM = 1 +
2ω2p(ω + iν)
k2v2T2q
· t(z − q/2)− t(z + q/2)
ω + iν
t(z − q/2)− t(z + q/2)
t(−q/2)− t(q/2)
. (6.6)
From (6.4) and (6.6) we can see that the received formula for dielec-
tric function differs from the corresponding Mermin’ function by that in
Mermin’s formula the relation
t(z − q/2)− t(z + q/2)
t(−q/2)− t(q/2) , z =
ω + iν
kvT
.
is necessary to replace with dispersion plasma function of Van Kampen
λ0(z).
It is necessary to notice, that at small values of parameter q the Mermin
formula is close to true and passes into it when ~→ 0 (or q → 0).
Indeed, it is required to show, that the following limiting transition is
satisfied
lim
q→0
t(z − q/2)− t(z + q/2)
t(−q/2)− t(q/2) = λ0(z).
Let’s take advantage of the equalities proved above
lim
q→0
t(z − q/2)− t(z + q/2)
2q
=
1
2
lim
q→0
J1(z, q) = λ0(z),
t(−q/2)− t(q/2) = 2qe−q2/4
q/2∫
0
eu
2
du.
By means of these equalities we receive that
lim
q→0
t(z − q/2)− t(z + q/2)
t(−q/2)− t(q/2) = limq→0
t(z − q/2)− t(z + q/2)
2q
(
1− q2/6) = λ0(z).
Thus, at q → 0 (or, that is all the same, ~ → 0 or k → 0) Mermin’s
formula and formula deduced in this work pass into the same dielectric
function for classical Maxwellian plasma.
7. Conclusion
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In the present work the exact expression for the longitudinal dielectric
permettivity of non–degenerate Maxwellian plasma with the account of
quantum effects is received. The kinetic Wigner – Vlasov – Boltzmann
equation with the collision integral in the relaxation form of τ–model in
coordinate space is used.
It is shown, that in the limit, when Planck’s constant tends to zero,
the received expression passes into the classical formula of the longitudinal
dielectric permettivity of Maxwellian plasma. Various special cases of the
dielectric permettivity are investigated. The Lindhard’s dielectric function
for collisionless plasma is presented. It is shown that in the long-wave
limit dielectric permettivity passes into the known Drude formula. Static
limits (ω → 0) for dielectric permettivity for collisionless, and for collision
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plasmas as well are found.
Plasma oscillations are studied in the long-wave limit and near to the
plasma resonance. The expression for the plasma oscillation frequence in
long-wave limit containing quantum parametre Q = ~ωp/(κT ) is received.
Damping of the plasma oscillations is investigated. The formula for decre-
ment of damping at ~ → 0 coincide with classical, and when collision
frequency is equal to zero, the last formula passes into the known Landau
damping formula.
Comparison with classical Mermin’s result for dielectric permettivity is
presented. We will notice, that Mermin’s formula is received with use of
the relaxation kinetic equation in space of momentum. For collisionless
plasma the formula deduced in this work, and Mermin’s formula pass into
22
the same Lindhard’s formula.
On Figs. 1 and 2 graphic dependence on the quantity q in the case
xp = 1, y = 0.1 for real (fig. 1) and imaginary (fig. 2) parts of longitudinal
dielectric permettivity are presented. Curves of 1, 2, 3 correspond to values
of parameter x = 1, 0.7, 1.3.
On Figs. 3 and 4 graphic dependence on the quantity x in the case
xp = 1, y = 0.1 for real (fig. 3) and imaginary (fig. 4) parts of longitudinal
dielectric permettivity are presented. Curves of 1, 2, 3 correspond to values
of parameter q = 0.5, 0.6, 0.7.
On Figs. 5 and 6 graphic dependence on the quantity x in the case
xp = 10, y = 0.01, q = 1 for real (fig. 5) and imaginary (fig. 6) parts of
longitudinal dielectric permettivity are presented. Curves of 1 correspond
to classical plasma, and curves 2 correspond to quantum plasma.
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Fig. 9. Fig. 10.
On fig. 7 and 8 graphic dependences for real (fig. 7) and imaginary
(fig. 8) parts of longitudinal dielectric permettivity on the quntity x for
the case xp = 1, y = 0.01, q = 1 are presented. Curves 1 correspond to
quantum plasma, and curves 2 correspond to classical plasma.
On fig. 9 and 10 graphic dependences for real (fig. 9) and imaginary
(fig. 10) parts of longitudinal dielectric permettivity are presented. These
parts depend on quantity x for the case xp = 1, y = 0.01, q = 0.5. Curves
1 correspond to quantum plasma, and curves 2 correspond to classical
plasma.
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On fig. 11 and 12 graphic dependences for real (fig. 11) and imagi-
nary (fig. 12) parts of longitudinal dielectric permettivity are presented.
These parts depend on quantity y (10−5 < y < 10−1) for the case xp =
1, x = 1, q = 0.5. Curves 1 correspond to quantum plasma, and curves 2
correspond to classical plasma.
On fig. 13 and 14 graphic dependences for real (fig. 13) and imaginary
(fig. 14) parts of longitudinal dielectric permettivity are presented. These
parts depend on quantity q (0 < y < 2.5) for the case xp = 1, x = 1, y =
0.1. Curves 1 correspond to quantum plasma, and curves 2 correspond to
classical plasma.
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